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We study the angular distributions of the splitting functions for processes for which a
parton splits into three partons. Unlike the case of coherent branching, we find that both
in vacuum and in the presence of the dense QCD matter, such collinear splitting functions
are neither ordered, nor anti-ordered. In the medium-induced splitting functions the
angular distributions are broader compared to the similar vacuum distribution, a feature
previously noticed from the lowest order medium-induced splitting functions.
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1. Introduction
In this talk we review our recent results from Ref. 1 on angular distributions of
higher order vacuum and medium-induces splitting functions. Such distributions
are of interest because parton showers rely on collinear splitting functions. Effects
of coherent branchings, see Refs. 2,3, have been incorporated into parton showers
like HERWIG and PYTHIA. Angular-ordered parton shower generates splittings
with smaller and smaller values of the opening angles. Such angular-ordered shower
has been claimed to include leading infrared logarithms in addition to collinear
leading-logarithms that parton shower resum.
The coherent branching result (see Refs. 2, 3 and 4 for review) is that emission
of a soft gluon, with the momentum scaling (λ2, λ2, λ2) in light-cone coordinates
satisfies the angular ordering condition. This condition states that radiation of the
soft emitted gluons is allowed only inside cones between pairs of hard partons in
the process, centered on one of them and with the opening angle equal to angular
distance between the partons.
While coherent branchings are valid for long-distance, soft physics observables,
another range of distances and energies is of particular interest: the collinear regime.
This regime starts after the hard scattering and ends before the ultrasoft recom-
bination regime. To our knowledge, the angular distributions of collinear splitting
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2 Grigory Ovanesyan
functions both in vacuum and medium have been first studied in Ref. 1. Qualita-
tive features of the gluon bremsstrahlung in dense QCD matter, including angular
distributions, have been discussed on the example of a dipole antenna model, see
Refs. 5, 6.
2. Vacuum splitting q → ggq
In this section we calculate the splitting function for a quark to emit two gluons. All
such 1→ 3 splitting functions have been calculated in Refs. 7, 8, and we reproduced
their result exactly for q → ggq splitting. The Feynman graphs contributing for this
splitting are depicted in figure 1. We work in the light-cone gauge and use SCET
as an effective theory for QCD at high energies. Using Feynman rules of SCET we
J
p0
M (0)n =
M
(0)
n+2 =
(µ2, a2, p2) (µ1, a1, p1)
J J J J
p3p0
Fig. 1. Tree level graphs contributing to vacuum splitting q → ggq. J represents arbitrary hard
amplitude that creates the initial energetic quark.
get the following expressions for the amplitude before and after the splitting:
M(0)n = χ¯n,p0J, (1)
M(0)n+2 = g2 εi11⊥ εi22⊥ χ¯n,p3 Γi1i2eff J, (2)
where χn,p0 is the gauge invariant quark field, Γeff is found from SCET Feynman
rules, see Ref. 1 for more details. The matrix element after the emission factorizes
in the following way:∑∣∣∣M(0)n+2∣∣∣2 = 4g4s2123 〈Pˆq→ggq〉 ∑∣∣∣M(0)n ∣∣∣2 , (3)
where 〈Pˆq→ggq〉 is the spin-averaged splitting function, which is proportional to unit
matrix in both color and spin indexes, which we verified by an explicit calculationa.
The splitting function has abelian and non-abelian parts:
〈Pˆg1g2q3〉 = C2F 〈Pˆ (ab)g1g2q3〉+ CFCA〈Pˆ (nab)g1g2q3〉. (4)
The abelian part equals to:
〈Pˆ (ab)g1g2q3〉 =
s2123
2s13s23
z3(1 + z
2
3)
z1z2
+
s123
s13
z3(1− z1) + (1− z2)3
z1z2
− s23
s13
+ (1↔ 2).(5)
aThis is true for arbitrary hard process J . Similar statement in the presence of dense QCD matter
is not correct, see below.
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The non-abelian part equals to
〈Pˆ (nab)g1g2q3〉 =
[2(z1s23 − z2s13) + (z1 − z2)s12]2
4(z1 + z2)2s212
+
1
4
+
s2123
2s12s13
(
1 + z23
z2
+
1 + (1− z2)2
1− z3
)
− s
2
123
4s13s23
z3(1 + z
2
3)
z1z2
+
s123
2s12
(
z1(2− 2z1 + z21)− z2(6− 6z2 + z22)
z2(1− z3)
)
+
s123
2s13
(
(1− z2)3 + z23 − z2
z2(1− z3) −
z3(1− z1) + (1− z2)3
z1z2
)
+ (1↔ 2). (6)
In the expressions above the Mandelstam variables are defined in the following way:
sij = (pi+pj)
2 and zi = Ei/(E1+E2+E3); the momenta in the q0 → g1g2q3 splitting
are defined so, that parton i has four-momentum pi, i = 1, 2, 3; s123 = s12+s13+s23.
We refer to final state partons as gluon 1, gluon 2 and quark 3 everywhere below.
Expressions Eq. (5) and Eq. (6) are in exact agreements with Refs. 7, 8 for d = 4
space-time dimensions.
We want to study the angular distributions of this vacuum splitting. In particular
we want to explore to which extent, if any, the vacuum splitting q → ggq obeys
angular ordering? In order to answer this question we need to define the notion of
ordering, i.e represent the 1 → 3 splitting as a sequence of two 1 → 2 splittings.
A natural way to define notion of ordering is to take for example, the first parton
energy E1  E2, E3. This can be translated into position space and would mean
that the gluon 1 is emitted at longer distances, compared to gluon 2 and quark 3.
Thus taking the limit z1 → 0 allows us to answer the question we asked whether
the splitting is ordered or not. One has to keep in mind that in taking this limit we
should still have energy of the gluon 1 much bigger than ΛQCD, otherwise we would
go outside of the collinear regime and our set of approximations becomes invalid.
Taking the described limit z1 → 0 in the full splitting leads to a simple result:
〈Pq0→g1g2q3〉 =
4CF (1− c23)
z21
z2(1−z2)1− z2 + z
2
2/2
z2
(
CF
(
W
[3]
23 +X23
)
+ CA
(
W
[2]
23
))
,
(7)
where functions W
[i]
ij and Xij are the antenna angular ordered and angular anti-
ordered functions. For a review see 2, 3, 4. These functions satisfy the following
equations: ∫
dφiq
2pi
W
[i]
ij =
1
1− cos θiq Θ(θij − θiq), (8)∫
dφiq
2pi
Xij =
1
1− cos θiq Θ(θiq − θij), (9)
where φiq, θiq are the azimuthal and polar angles between the parton i (either 2 or 3)
and the gluon 1; θij is the angle between partons i and j. The meaning of the
equations Eq. (8) and Eq. (9) is that the first function emits gluons only in the cone
centered at the parton i and with an opening angle θij while the second function
emits gluons only outside of two cone centered at i with an opening angle θij .
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From the properties of functions W
[i]
23 and X23 and from Eq. (7) we observe that
the abelian piece of the splitting is neither angular ordered, nor anti-ordered (it
has both pieces at once), while the non-abelian piece is angular-ordered. This result
in a way is very expected. It follows from a simple qualitative argument. When
gluon 1 is emitted at an angle much larger than opening angle between gluon 2 and
quark 3, it cannot resolve the opening angle between the partons 2, 3 and can see
only the initial quark field, which is almost on-shell. Thus in this limit only the
abelian radiation is present, while non-abelian vanishes. Thus we obtain again, that
the angular distribution is not ordered in the abelian piece but is ordered in the
non-abelian one.
In figure 2 we present numerical results for the vacuum splitting q → ggq. The
different lines represent abelian, non-abelian and full splittings. The initial decaying
quark energy has been set to E0 = 100GeV, z1 = 0.03 and z2 ≈ 2/3, z3 ≈ 1/2; we
make sure the energy and momentum are conserved in our kinematics. As a function
of the angle between the parton 1 (gluon) and the initial decaying quark we plot
the vacuum splitting function. Both abelian and non-abelian parts leak outside of
the angular-ordered cones (over angles 40 and 50 with respect to the initial parton).
However the non-abelian part falls off as 1/θ401 (ordered), while the abelian part falls
off less steeply 1/θ201 (not ordered). The reason for which even the angular-ordered
part leaks outside of the angular-ordered cone is that in Eq. (8) and Eq. (9) the
averaging is over an axis centered at parton i (2 or 3), while in our plot we average
over the angle with respect to the initial parton 0. This numerical result is thus also
consistent with our previous qualitative argument.
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Fig. 2. Angular distribution of the splitting q → ggq as a function of the angle between the
gluon 1 and the initial decaying quark.
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3. Medium-induced splitting q → ggq
In this section we calculate the medium-induced splitting function for the q → ggq
splitting. We use SCETG (see Refs. 9, 10, 11, 12, 13, 14, 15) and calculate to first
order in the opacity, see for example Ref. 16 for general opacity series in the small
x approximation. There are 19 single Born graphs to this order. They are shown
in figure 3. To each of the columns in the figure we refer to as to topology 1,2,3
or 4. The calculation is simplest in the hybrid gauge, in which collinear gluons are
quantized in the light-cone gauge, while the Glauber gluons are quantized in the
covariant gauge, see Ref. 12. We use this gauge for practical reasons. Each of the
single Born graphs takes the following form:
J J JJ
(µ2, a2, p2) (µ1, a1, p1)
p3p0 q⌦ ⌦ ⌦ ⌦
J J JJ
⌦ ⌦ ⌦ ⌦
J J JJ
⌦ ⌦ ⌦ ⌦
J J JJ
⌦ ⌦ ⌦ ⌦
J J J
⌦ ⌦ ⌦
Fig. 3. Single Born graphs.
M(1)k = −g2 εi11 εi22 χ¯n,p
(∫
dΦ⊥ Ck Γi1i2k I
(1)
k
)
J, (10)
where integration is over the Glauber gluon transverse momentum, Ck is a number
that depends on the topology; Γk includes the Dirac and color structure and also
depends on the topology; finally I
(1)
k is the corresponding longitudinal integral for
the single Born graph. In Ref. 1 we summarized simple topological rules to determine
simply by looking at a given graph the individual pieces of Eq. (10) and we refer
the reader to there for further details.
There are 34 total double Born graphs for our calculation and they are all shown
in figure 4. Similarly to the single Born case, any of these graphs can be written
down as:
M(2c)k = g2 εi11 εi22 χ¯n,p
(∫
dΦ1⊥ dΦ2⊥ Ck Γi1i2k I
(2c)
k
)
J, (11)
6 Grigory Ovanesyan
J J JJ
(µ2, a2, p2) (µ1, a1, p1)
p3p0⌦⌦ ⌦⌦ ⌦⌦ ⌦⌦""
q1q2
J J JJ
⌦⌦ ⌦⌦ ⌦⌦ ⌦⌦
J J JJ
⌦⌦ ⌦⌦ ⌦⌦ ⌦⌦
J J JJ
⌦⌦ ⌦⌦ ⌦⌦ ⌦⌦
J J J
⌦⌦ ⌦⌦ ⌦⌦
J J JJ
⌦ ⌦ ⌦ ⌦ ⌦⌦ ⌦⌦
J J JJ
⌦⌦ ⌦⌦ ⌦ ⌦ ⌦⌦
J
⌦ ⌦
J J J
⌦⌦ ⌦⌦ ⌦⌦
J J J
⌦ ⌦ ⌦ ⌦ ⌦⌦
Fig. 4. Double Born graphs.
where integration is over the transverse momentum of two Glauber gluons; Ck and
Γk are defined identically to the single Born case; I
(2c)
k is the contact limit of the
double Born integral. For further details on the calculation and tables for all these
entries for each graph we refer the reader to Ref. 1.
Next we factorize the squared matrix element averaged over the medium, keeping
only terms to first order of opacity:〈∑∣∣∣M(0)n +M(1) +M(2c)∣∣∣2〉
q⊥
=
4g4
s2123
〈P (1)q→ggq〉
∑∣∣∣M(0)n ∣∣∣2 , (12)
where
〈P (1)q→ggq〉 =
2
Nc
s2123
4
z3
∫
d∆z
λg(z)
∫
d2q⊥
1
σel
dσel
d2q⊥
(
ρ1 + ρ(2c)
)
, (13)
where ρ1 and ρ(2c) are scalar (number) functions that we will present in a moment.
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However let us pause and mention one assumption that goes into derivation of the
equations Eq. (12) and Eq. (13). These two equations are derived under the as-
sumption that the hard process J that creates the jet is a pure QCD interaction.
For arbitrary process J , in particular for jets created by weak interactions the fac-
torization formula Eq. (12) contains non-trivial spin correlations. Exactly analogous
correlations were found by us in previous work on simpler 1→ 2 splitting functions
in the medium, see Ref. 12. As mentioned in the footnote from the previous section
such process dependence is not present in the vacuum case, where for arbitrary
process J the splitting function is a singlet in the Dirac space.
In Ref. 1 we provided general formulas for ρ1 and ρ(2c), which ought to be
plugged into Eq. (13), thus taking all 19+34 diagrams into account for the medium-
induced splitting. In these proceedings we present only reduced results valid only in
the limit z1  z2, z3, which as was explained in the previous section is essential for
understanding whether the splitting function is angular-ordered or not. Taking such
limit results into the fact that only topologies 2 and 4 are non-zero. Expressions for
ρ1 and ρ(2c) become:
ρ1 ≈ 4
(
1− z2 + z
2
2
2
) 10∑
k′, k=1
〈e(1)′k′ |Γ(1)|e(1)
′
k 〉 C˜(1)k′ C˜(1)k
(
U
(11)
k′ ·U(11)k
)(
U
(12)
k′ ·U(12)k
)
×Re I(1)∗k′ I(1)k ,
ρ(2c) ≈ 4
(
1− z2 + z
2
2
2
) ∑
k′=1,2;k=1,18
〈e(0)′k′ |Γ(2)|e(2)
′
k 〉 C˜(0)k′ C˜(2)k
(
U
(21)
k′ ·U(21)k
)(
U
(22)
k′ ·U(22)k
)
×2 Re I(2c)k , (14)
where C˜k = Rk Ck and Rk = 2(1− z2) for topology 2 and Rk = −2z2 for topol-
ogy 4. For the single Born terms the summation goes over 10 graphs of topologies
2 and 4 in the amplitude and 10 graphs in the complex conjugate of the amplitude.
For the double Born terms the summation goes over 18 graphs in the amplitude
corresponding to the double Born graphs with topologies 2 and 4, and two graphs
in the complex conjugate amplitude corresponding to vacuum graphs for topologies
2 and 4. The Gram matrices Γ(1) and Γ(2) are equal to:
Γ(1) = TR

c1 c2 c3 c2 c3 c4
c2 c1 c2 c3 c4 c3
c3 c2 c1 c4 c3 c2
c2 c3 c4 c1 c2 c3
c3 c4 c3 c2 c1 c2
c4 c3 c2 c3 c2 c1

, (15)
Γ(2) = TR
[
c1 c2 c3 c2 c3 c4 c1 c1 c2 c2 c2 c3 c2 c1 c1 c3 c2 c2 c3 c2 c1 c4 c3 c2
c2 c3 c4 c1 c2 c3 c2 c2 c3 c1 c1 c2 c3 c2 c2 c2 c1 c1 c4 c3 c2 c3 c2 c1
]
.
(16)
The color factors c1 − c4 are defined as functions of QCD quadratic Casimirs:
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Fig. 5. Angular distribution of medium-induced splitting function for q → ggq.
c1 = C
3
F , c2 = C
2
F (CF − CA/2), c3 = CF (CF − CA/2)2,
c4 = CF (CF − CA)(CF − CA/2) = 2c3 − c2. (17)
Finally, in equation Eq. (14), the vectors U
(11)
k ,U
(12)
k are first and the second trans-
verse vector in the entry corresponding to the given single Born graph in the third
column of the Table 2 in Appendix B of Ref. 1; U
(21)
k ,U
(22)
k are first and the second
transverse vector in the entry corresponding to the given double Born graph in the
third column of the Table 3 in Appendix B of Ref. 1. Coefficients Ck are also given
in Tables 2 and 3 of the Ref. 1 and the color operators e
(1)′
k′ , e
(2)′
k′ for each single and
double Born graph are given in Appendix B in terms of basis color operators, for
which the Gram matrices above were presented.
In figure 5 we present our numerical results for the medium-induced splitting
function for q → ggq, compared to the vacuum one. For the medium parameters we
use µ = 0.75 GeV, L = 5 fm and for gluon scattering length λg = 1 fm, see Ref. 12.
As for the kinematics, we use E0 = 100 GeV and consider two scenarios. In scenario
1 (left panel of figure 5) we use the similar values like in the previous section for
vacuum: E0 = 100 GeV, z1 = 0.03, z2 = 0.643, θ20 = 10
◦, θ30 = 20◦. In scenario 2
(right panel of figure 5) we use: z1 = 0.03, z2 = 0.282, θ20 = 25
◦, θ30 = 10◦. We
present the total medium splitting (solid black curve), and the vacuum splitting
(dashed red curve).
From what we already learned from studying the vacuum splitting functions,
we already see that the medium-induced splitting function is not angular-ordered,
since it has even more radiation than the vacuum one in the tails outside of the
angular-ordered cones. While in the forward direction we see less radiation compared
to the vacuum case, it is still substantial, so the medium-induced splitting is not
anti-ordered.
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4. Conclusions
We calculated splitting functions for q → ggq both in vacuum and in dense QCD
matter. In vacuum our result was identical to that of Ref. 7, 8. We studied the
angular distributions of this splitting and found that they are neither angular-
ordered, nor angular anti-ordered. The coherent branching result does not hold for
the intermediate collinear regime.
In the dense QCD matter the splitting functions are significantly reduced in the
forward direction, while in the tail the medium splitting dominates over the vacuum
splitting. The same qualitative features have been previously observed in Ref. 17
for the lowest order q → qg splitting function.
The phenomenological applications of our results for parton showers remain to
be studied. Of particular interest is finding observables that are more sensitive to
the collinear regime and other observables that are more sensitive to softer regime.
The next step is to study the effects of turning on and off the angular ordering in
the parton shower for the array of such observables.
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